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2In at spacetime Dirac [2] decomposed the retarded
electromagnetic eld into two parts: (i) the \mean of
the advanced and retarded elds" which is an inhomo-
geneous eld resembling the Coulomb q=r piece of the
scalar potential near the particle, and (ii) a \radiation"
eld, his Eqs. (11) and (13), which is a homogeneous so-
lution of Maxwell's equations. He described the self force
as the interaction of the particle with the radiation eld,
a well-dened vacuum Maxwell eld.
Previous descriptions of the self force in curved space-
time [3, 4, 5, 6] reduce to Dirac's result in the at space-
time limit. And they provide clear, adequate expressions
for the self force. However, they do not share the physical
simplicity of Dirac's analysis where the force is described
entirely in terms of an identiable, vacuum solution of the




[cf. Eq. (14) for the corresponding
scalar eld expression] might be said to be responsible for
the self force. But generallyA
self
a
does not satisfy Eq. (23)
below, and the current density J
a
, which would result
from the application of the operator on the left hand side
of Eq. (23) to A
self
a
, would have a non-vanishing charge
















6= 0 there. Sim-
ilar statements hold for scalar and gravitational elds.
In this letter we present a curved space generalization
of Dirac's scheme. We nd that, near the worldline  ,
even in a curved geometry, the retarded eld can be de-
composed into two parts such that the rst, A
S
a
, is an in-
homogeneous solution to the eld equation with a point
source, similar to the \mean of the advanced and re-
tarded elds," while the second, A
R
a
, is a homogeneous
solution which yields a complete description of the self
force. These parts are related to but distinct from the
usual direct and tail parts. Scalar and gravitational elds
are analyzed similarly.
Below, we rst focus on the scalar eld case, and then
briey describe our results for the electromagnetic and
gravitational elds.
III. SCALAR FIELD
The force on a point particle with charge q moving in






where the derivative of the eld is to be evaluated at the
location of the particle. Usually it is implicit that  does
not include the eld from the particle itself but is com-
posed only of the \external" eld. The description of the
self force is not so straightforward. However, one can in-
troduce a quantity  
self
, as in our Eq. (14), which when
substituted into the right hand side of Eq. (1) formally
yields the scalar-eld self force as described by Quinn [6].
Similar expressions for the force in terms of the deriva-
tives of the eld are given in Eq. (28) and Eq. (34) for
electromagnetic and gravitational elds.







 =  4 (2)
is formally solved in terms of a Green's function,
r
2





The source function for a point charge moving along a









(x  z( )) d; (4)
where  is the proper time along the worldline of the
particle with scalar charge q. The scalar eld of this
particle is
 (x) = 4q
Z
G[x; z( )] d: (5)
A symmetric scalar eld Green's function is derived






[u(x; z)Æ()  v(x; z)( )] ; (6)
where u(x; z) and v(x; z) are bi-scalars, the properties of
which are described by DeWitt and Brehme [3]. They are
determined by a local expansion in the vicinity of  , and
are symmetric under interchange of x and z.  is half of
the square of the distance measured along the geodesic
from x to z with  < 0 for a timelike geodesic, and  = 0
on the past and future null cones of x. The expansions
for the bi-scalars u(x; z) and v(x; z) are known to be con-
vergent within a nite neighborhood of   if the geometry
is analytic[7]. The ( ) guarantees that only when x
and z are timelike related is there a contribution from
v(x; z). The terms in any Green's function containing u
and v are frequently referred to as the \direct" and \tail"
parts, respectively.
The direct part of G
sym
(x; z), has support only on the
null cone of x, and the resultant direct part of the eld
























proper time of the intersection of   with the past and
future null cones of x, respectively.
The tail part of G
sym
(x; z), has support within both
the past and future null cones of x, and the resultant tail


















v(x; z) d: (8)
DeWitt and Brehme [3] use local expansions in the
vicinity of   to show that [9]











); x!  ; (9)
3r is the proper distance from x to   measured along the
spatial geodesic which is orthogonal to  . They also show




v(x; z) = 0; (10)
and that for x close to  ,
v(x; z) =  
1
12
R(z) +O(r); x!  : (11)











(x; z) = 2[z;(x)]G
sym
(x; z); (12)
where [(x); z] = 1   [z;(x)] equals 1 if z is in the
past of a spacelike hypersurface (x) that intersects x,
and is zero otherwise. The G
rad
(x; z) implicitly used by
Dirac in at spacetime is
G
rad





Note that the elds resulting from two dierent Green's
functions that each obey Eq. (3) necessarily dier by a
homogeneous solution of Eq. (2).
G
ret
(x; z) has reasonable causal structure, and we as-
sume for simplicity that  
ret
is, in fact, the actual eld
resulting from the source particle.
IV. SELF FORCE
Careful analyses [3, 4, 5, 6] show that contributions to
the self force result from both the source's acceleration, if
  is not a geodesic, and from the curvature of spacetime.
For these two distinct possibilities, the self force is a con-
sequence of the particle interacting with either the direct
or the tail part of its eld, respectively. By following the
detailed derivations in [3, 4, 5, 6], we see that the self
force may be considered to result, via Eq. (1), from the

















v[x; z( )] d (14)
where, unlike Dirac's radiation eld,  
self
is not a homo-
geneous solution of the eld equation.
The rst expression in Eq. (14) is nite and dieren-
tiable in the coincidence limit, x!  . When substituted
into the right hand side of Eq. (1) this expression pro-
vides the curved space generalization of the ALD force,
and local expansions of u(x; z) and _(x; z) in [3, 4, 5, 6]
give the resultant force in terms of the acceleration of  
and components of the Riemann tensor.
The integral in Eq. (14) comes from the tail part of the
Green's function. Its derivative results, in part, from the
implicit dependence of 
ret
upon x. Quinn [6] computes
























) +O(r); x!  ; (15)
the spatial part of which is not dened when x is on  .




over a small, spatial two-sphere surrounding the parti-
cle, thus removing the spatial part of Eq. (15). Then
one takes the limit of this average as the radius of the
two-sphere goes to zero, thereby obtaining a well dened
contribution to the self force [3, 4, 5, 6].
V. HOMOGENEOUS FIELD
We now provide an alternative expression for the eld
responsible for the self force.
Given one Green's function which solves Eq. (3), a sec-
ond may be generated by adding to the rst any bi-scalar
which is a homogeneous solution of Eq. (3). v(x; z) is just
such a bi-scalar and is also symmetric, v(x; z) = v(z; x)
[3]. Thus, a new symmetric Green's function is
G
S









[u(x; z)Æ() + v(x; z)()] ; (16)
which has no support within the null cone. We use
G
S
(x; z) only in a local neighborhood of the particle, and
do not depend upon any knowledge of its global existence.
G
S
(x; z) does have support on the null cone of x, just as
G
sym
(x; z) does, and also outside the null cone, at space-
like separated points. The use of G
S
(x; z) is thus not
complicated by the need for knowledge of the entire past


























v(x; z) d (17)
is an inhomogeneous solution of Eq. (2) just as  
ret
is.
In the pioneering spirit of Dirac, it is natural to dene
G
R










no support inside the future null cone. Corresponding to
G
R































v(x; z) d (19)
4analogous to Dirac's radiation eld. By construction  
R
is a homogeneous solution of Eq. (2) and has the conse-
quent property that it is smooth in the coincidence limit,















v(x; z) d: (20)
Our most signicant technical result is, in fact, that
the self force is determined by the particle's interaction
with  
R
, since the integral term in Eq. (20) gives no
contribution to a self force. For a eld point x which is
near  , the integrand may be expanded using Eq. (11).











) times v(x; x),












qrR(x) gives an outward pointing,
spatial unit vector near  ; this exactly cancels the trou-









. The derivative of the remainder term O(r
2
)
is zero in the limit that x approaches   and gives no
contribution to the self force. Thus, the self force may
be seen to be due exclusively to the interaction of the
particle with  
R
via Eq. (1). We regard this approach
as preferable, because  
R
is dierentiable at the location
of the particle, so that averaging is no longer required in
computing the self force. Even more importantly,  
R
is
a homogeneous solution of Eq. (2).
VI. ELECTROMAGNETIC AND
GRAVITATIONAL FIELDS
The analysis for the scalar eld is easily generalizable
to both electromagnetic and gravitational elds by the
addition of extra indices to u(x; z) and v(x; z) to create




(x; z), which is the bi-vector of parallel
displacement [3]. The primed indices below refer to the
source point z, the unprimed indices to the eld point x
as above. The denitions and relationships for the var-
ious Green's functions follow the same pattern as above
and are not repeated below.
























(x; z) = g
ab
0
(x; z)u(x; z); (24)














































solution of Eq. (23). That it also satises the gauge con-
dition (22) follows from an argument similar to that after

























is conserved, where G
S
is the scalar
Green's function of Eq. (16). That G
S
has no support
within the past or future null cone implies that the inte-















gives a homogeneous electromagnetic eld. The elec-


















This combines with the Lorentz force law from the back-
ground to determine the actual worldline of the particle.








































is the trace reversed version
of the metric perturbation h
ab













(x; z)u(x; z); (31)











































homogeneous solution of Eq. (30) satisfying the gauge
condition (29), if T
ab















































Subject to this force, the particle moves along a worldline
which is actually a geodesic for a metric composed of




geodesic motion has been demonstrated in the past [4,






vacuum solution of the Einstein equations through O().
5VII. DISCUSSION
For the clearest demonstration of the impact of our
analysis, we consider the free motion of a particle of small
mass  in the purely gravitational case. With no a pri-
ori knowledge of the background geometry, an observer
makes local measurements of the metric within a neigh-
borhood of the worldline of the particle. That eld has
two distinct contributions. The rst is the background
metric combined with h
R
ab
| this combination appears




from the background. The sec-
ond comes from h
S
ab
; for free motion the observer knows
this contribution to be simply the =r part of the metric
with its tidal distortion from the \external," homoge-
neous eld[8]. As a consequence of Eq. (34), the local
observer naturally sees that the worldline of the particle
is a geodesic in the combined, \external" homogeneous
eld which he measures. Making only local measure-
ments near the worldline, the observer sees no radiation,
no local source for the \external" eld and also no eect
which he would be compelled to describe as radiation
reaction.
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agrees with that in
references [5, 6] and is the opposite of that used in [3, 4].
